Spherical symmetries from dynamics  by Chung, K.W. & Chan, H.S.Y.
Pergamon 
Computers Math. Applic. Vol. 29, No. 7, pp. 67-81, 1995 
Copyright©1995 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0898-1221/95 $9.50+ 0.00 
0898-1221(95)00019-4 
Spherical Symmetries from Dynamics 
K. W. CHUNG AND H. S. Y. CHAN 
Department of Mathematics, City University of Hong Kong 
Kowloon, Hong Kong 
Dedicated to the memory of Professor Feng Kang 
(Received January 1994; revised and accepted June 1994) 
Abstract - -Computer  generation of colored spherical patterns is considered from a dynamical 
system's point of view. To demonstrate the generality of the method, colored patterns related to the 
five Platonic solids are constructed. The method is able to create unlimited varieties of patterns and 
can be extended to create patterns with symmetric groups of finite orders. 
Keywords- -Computer  graphics, Dynamical systems, Spherical tessellations, Symmetric groups, 
Generators ofa group. 
1. INTRODUCTION 
The study of symmetrical forms has long occupied human interest. Modern considerations with 
the aid of the computer have become prolific; see for example [1,2]. To relate such static concept in 
terms of dynamical modeling is, however, more recent. Dynamical systems describe the way some 
quantities undergo changes through time. Studies of the behavior of these systems are important 
in sciences and engineering. Graphical presentations have aided in the understanding of complex 
dynamical behavior, of which symmetry is a fundamental concept [3-5]. The understanding of 
symmetry on various spaces and manifolds has both scientific and artistic appeal. For example, 
symmetry in Euclidean plane was considered in [5]. Symmetry in hyperbolic geometry was 
considered in [6]. 
The present article is concerned with the construction of iterative maps whose orbits exhibit 
given spherical symmetries and also with the realization of the associated spherical tessellations 
in computer graphics. 
Many dynamical models are expressed as an iterative map in R3: 
ui+ 1 = F(ui)  , where u i E R3 and i = 0, 1, 2 , . . . .  
In this article, F is confined to mappings on the sphere with unit radius S 2 = ((x, y, z) E R 3 I 
x 2 +y2 ÷z  2 = 1~. We will discuss the condition on F so that its orbits exhibit spherical symmetry. 
An orbit of F is defined as the iterated sequence of points u0, ul,  u2 , . . . .  In the next section, it is 
found that F should satisfy the equivariant property. In the classification of the symmetric groups 
of the tessellations on S 2, those groups related to the Platonic solids are of particular interest. 
The generators of these groups will be discussed in detail in Section 3. The result is used in 
Section 4 in the construction of mappings whose associated tessellations display various spherical 
symmetries. An algorithm for coloring these tessellations i also presented. The patterns thus 
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generated have high artistic appeal. In Appendix I, a pseudo-code is given so that the interested 
reader may create his own tessellations. 
2. SYMMETRIC  MAPP INGS ON S 2 
Let F be a mapping on S 2 and 
u' = F(u),  with u ,u '  E S 2. (i) 
We now investigate the condition that the orbits of (1) exhibit certain symmetry. Assume that 
the orbits are invariant (i.e., remain unchanged) under a transformation 7 E SO(3) where SO(3) 
is the group of orientation-preserving isometries of three-dimensional Euclidean space fixing the 
origin. Let _u I = 7_u. Substituting this into (1), we have 
u~ = F(Ul) = F(Tu). (2) 
But, from the invariant assumption, 
It follows from (1)-(3) that 
= 7u'. (3) 
F(Tu) = 7F(u)  (4) 
which is the necessary and sufficient condition for the orbits of F being invariant under 7. Let F 
be a subgroup of SO(3). A mapping F : S 2 --* S 2 commutes with F (or is F-equivariant) if (4) 
holds for all u E S 2 and 7 E F. Given a subset of S 2, the subgroups F of SO(3) which leave that 
subset invariant (as a set), are called the symmetric group of the subset. The tessellations of S 2 
are the subsets of S 2 whose symmetry groups are the (finite) subgroups F of SO(3) acting with 
discrete orbits on S 2. Certain elements R1, R2, . . . ,  Rm of I ~ are called a set of generators if every 
element of F is expressible as a finite product of their powers (including negative powers). 
THEOREM. Let F c SO(3) be a symmetric group with generators P~ for 1 < i < m. 
(a) H (4) holds for 7 = R~ for each i, then F is F-equivariant. 
(b) H F is F-equivariant, hen 3, E F maps orbits o fF  to orbits ofF, i.e., the orbits o fF  are 
invariant under F. 
PROOF. 
(a) For 7 E F, 7 can be expressed as a finite product of the powers of the generators, i.e., 
RP1 RP2 . R P- 7= Q~ Q. .  Q., (5) 
where n is a positive integer, Pi(1 < i < n) are integers and 1 < Qi(1 < i < n) < m. 
From (4) and (5), 
F(7_u_ ) = f ~,'~Q,'~Q2 . . . . .  
= R~ RQP~...R~:F(u) = 7F(u). 
(b) Let the iterated sequence of points U o,Ul,U2,. . ,  be an orbit of F. For i > 1, we have, 
from (4), 
7u i = 7F(Ui_l) = F(TUi_l). 
It follows that the sequence of points 7uo,Tu1,7_u2,... is also an orbit of F. | 
The above theorem shows that we simply check (4) for each generator to see if the orbits of F 
are invariant under D. 
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3. SYMMETRIC  GROUPS OF THE PLATONIC SOLIDS 
The spherical tessellations are represented by the Platonic solids or regular polyhedra inscribed 
in S 2. A complete list of all the symmetric groups of the tessellations on S 2 can be found in [7,8]. 
In the following, we adopt the notation of [7] to represent the symmetric groups. 
[p, q] with (p - 2)(q - 2) < 4 represents the symmetry group of a spherical tessellation cor- 
responding to regular p-sided polygons, or p-gons meeting q at a vertex. [p,q]+ denotes the 
orientation-preserving subgroup of index 2 in [p, q], consisting of all symmetries which can be 
obtained by successively applying an even number of the reflections which generate [p, q]. [p+, q] 
of index 2 in [p, q] contains rotations by 2~r/p about the centers of the p-gous and reflections 
across the sides of the p-gons. 
There are seven symmetric groups relating to the Platonic solids, namely [3, 3] + , [3, 3], [3, 4] + , 
[3, 4], [3 + , 4], [3, 5] + and [3, 5]. We discuss in detail the set of generators of each group. 
Tet rahedra l  Groups  
[3, 3] + contains the rotational symmetries of a regular tetrahedron. In Figure la, assume that 
the center of the tetrahedron is at the origin. The edge AB lies on the x = y plane and is 
bisected by the z-axis. Let R1 and R2 be, respectively, the rotation of ~r about the z-axis and the 
counter-clockwise rotation of 27r/3 about the axis directing from the origin towards A. It can be 
shown easily that 
R1 = 0 -1  and R2 = 0 . (6) 
0 0 1 
Since all the elements of [3, 3] + can be expressed as a finite product of the powers of R1 and R2, 
these two elements are a set of generators. Furthermore, 
R~ = R 3 = (R1R2) 3 --/3 
which is a presentation of [3, 3] +, where/3 is the unit matrix of order 3. 
Besides the rotational tetrahedron symmetry, [3, 3] has a reflection about the plane x -- y, thus 
containing the element ( 10) 
R3= 0 0 . (7) 
0 1 
R1, R2, and R3 are a set of generators. Furthermore, 
R 2 = R 3 = R] -- (RIR2) 3 = (R2R3) 2 -= (RxRa) 2 = I3 
which is a presentation of [3,3]. 
Cubic or Octahedra l  Groups  
[3, 4] + contains the rotational symmetries of a regular cube or octahedron. 
and lc, R4 is the counter-clockwise rotation of ~r/2 about the z-axis and, therefore, 
1 
R4 = 0 • 
0 
R2 in (6) and R4 are a set of generators. Furthermore, 
In Figures lb 
(8) 
R 3 = R44 = (R2Ra) 2 = 13 
which is a presentation of [3, 4] +. 
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Figure 1. The Platonic solids. 
Besides the rotat ional  cubic or octahedral  symmetry,  [3,4] has a reflection about  the plane 
x -- y, thus containing the element R3 in (7). R2, R3 and R4 are a set of generators. Furthermore,  
R 3 = R3 2 = R~ = (R2R3) 2 -- (R2R4) 2 -- (R3R4) 2 - - /3  
which is a presentat ion of [3, 4]. 
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In [3 +, 4], there is a reflection in the xz-plane. Therefore, it contains the element 
(i0 0) R~= -: o . (9) 
0 1 
R2 in (6) and R5 are a set of generators. Furthermore, 
which is a presentation of [3 +, 4]. 
Dodecahedral or Icosahedral Groups 
[3, 5] + contains the rotational symmetries of a regular dodecahedron or icosahedron. In Fig- 
ure Id, let the edge AB lie on the xz-plane and be bisected by the z-axis. Let R6 be the 
counter-clockwise rotation of 2~/3 about the axis directing from the origin towards A. Then, 
-1  
1 1 
R6=~ ¢ -1  7 ' 
-1  
-1 -  7- ¢ 
v~+l  
where ¢ = ~ (10) 
R: in (6) and R6 are a set of generators and a presentation of [3, 5] + is 
R~ = R~ = (R:P~) 5 = ~. 
In [3, 5], besides the rotational dodecahedral or icosahedral symmetry, there is a reflection about 
the xz-plane. Therefore, [3, 5] contains the element R5 of (9). R1, R5 and R6 axe a set of 
generators. Furthermore, 
R~ = R 2 = R 3 = (RIRs) 2 = (RIR6) 5 = (RsR6) 2 =/3 ,  
which is a presentation of [3, 5]. 
4. CONSTRUCTION OF COLORED TESSELLATIONS ON S 2 
Let F : S 2 -~ S 2 be such that 
F= where f, g, h : S 2 ~ R. 
From the assumption of equivariancy 
For a given symmetric group F C SO(3), we are going to find appropriate functions f, g, h such 
that F is F-equivaxiant. Let 
a21 a22 a23 E F. 
a31 a32 a33 
[:<-,,.,,1 ra,, a"  ,.1.1 r:<,-.)l g( u)/=/a2:a22 a23| /g(u)/, 
h("m)J t.aa: aa2 aaaj Lh(_u)J 
where u = (x, y, z ) :  E S 2 
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{ f(~/u) : allf(u) + a12g(u) + alah(_u) 
==~ g('yU) = a21f(U) "4- a22~(u) "[- a23h(u) (11) 
h(~,_u) = a31f(u ) q- a32g(u ) + a33h(u). 
From the Theorem, it is sufficient o solve (11) for those 7 being generators of F. We first of 
all eliminate g and h in (11) to obtain a set of equations in f and the generators. Then, we 
write f (u)  as a linear combination of the absci~a x and the real function k(a_u) where a E F', 
F' is a subgroup of F and k is any function, i.e., 
= as + Z (12) 
aEr' 
with a, ca E R. Substituting (12) into the equations in f ,  we solve for the ca's and thus obtain 
f ,  g and h. F' is chosen so that ca's are not all zero. In general, the functions f ,  g and h thus 
obtained o not satisfy the condition [f(u)] 2 + [g(u)] 2 + [h(u)] 2 = 1 where _u e S 2. That is, the 
range of the equivariant mapping F may not be on S 2. We replace f ,  g and h by, respectively, 
f/q, g/q, and h/q where [q(u)] 2 : [f(u)] 2 + [g(u)] 2 + [h(u)] 2. Then, F becomes 
F = l) (13) 
It is easy to check that F : S 2 --* S 2. 
We now consider the construction of equivariant maps for each symmetric group. 
Tetrahedral Symmetry 
The generators R1 and R2 of [3, 3] + are given in (6). From (6) and (11), we have 
f(R2_u) = h(_u) (14a) 
g(R2_u) = f(u) (14b) 
h(R2_u) = g(u) (14c) 
and 
= - f (u)  (15a) 
g(Rm) = -g(u) (15b) 
h(R lu )  = h(u).  (15c) 
From (14b) and (15b), we get 
f (R2RIR2u) = -f(u_). (16) 
Thus, f should satisfy (15a) and (16). The elements R1 and R2R1R2 generate the subgroup 
F1 = {/3, R1, R2R1R2,2 R2R1R2}.2 In (12), we let 
f(u_) = ax + clk(u_) + c2k(RlU_) + c3k (R2R1R2u_) + c4k (R2R1R2u_) . 
From (15a) and (16), we have 
C1 -~-C2 : C3-I-C4 = C1 ~-C3 =C2-~-C4 ~ O. 
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Setting c -- Cl, we  have 
f(u_) = ax + c [k(_u) - k(RlU) - k (R~RIR2U_) + k (R2R, R~u_)] (17) 
or, more explicitly, 
f (x, y, z) = ax -t- c[k(x, y, z) - k ( -x ,  -y ,  z) - k ( - z ,  y, - z )  + k(z, -y ,  -z)]. 
Once f is determined, g and h can be found, respectively, from (14b) and (14a) as 
g(u) -- f (P~u_) and h(u) = f(R2u_). (18) 
Then, F can be constructed in the form of (13). 
[3, 3] has one more generator R3 in (7). Then, f should also satisfy the equation 
f (R3R2u) = f(u). (19) 
To construct f satisfying (19), we simply replace k('yu), ~/• r l ,  in (17) by k(?u_) -{- k('IR3R2u_). 
g and h are also given by (18). 
Cubic or Octahedral  Symmetry  
The generators R2 and R4 of [3, 4] + are given in (6) and (8), respectively. Thus, f should 
satisfy 
/ (R2u) = f(RaR2u) = -f(_u). (20) 
The elements R2 and RaR2 generate the subgroup 
2 R R2, R R R,, = R 4, R4R2, R2R4, R2R4R2, 
In (12), we replace F~ by F2. From (20), we obtain, explicitly, 
f (x ,  y, z) -- az + c [k(x, y, z) - k ( -x ,  -y ,  z) + k(x, - z ,  y) - k ( -x ,  z, y) 
+k(z, z, -y )  - k( -x ,  -z ,  -y )  - k( -x ,  y, - z )  + k(x, -y ,  -z) ] .  (21) 
g and h can be obtained from (18). 
[3, 4] has one more generator R3 in (7). Thus, f also satisfies (19) besides (20). To construct f,  
we replace k(vu_), V • r2, in (21) by k(~/_u) + k(~fR3R2u_), g and h are also given by (18). 
[3+,4] has two generators R2 in (6) and R5 in (9). Then, f should satisfy 
f(u) = f(Rs_u) = - f  (R~R5R2u). 
The elements R5 and P~RsR2 generate the subgroup 
r3 = { I~, Rs, R~RsR2, R2 RsR2R5 }. 
f can be expressed explicitly as 
f (x ,  y, z) = ax -8- c [k(x, y, z) q- k(x, -y ,  z) - k ( -x ,  y, z) - k ( -x ,  -y ,  z)]. 
g and h are again given in (18). 
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Dodecahedra l  or  I cosahedra l  Symmetry  
[3, 5] + has two generators Re in (10) and R1 in (6). For P~, it follows from i l l )  that 
1 ¢ 1 
f (Reu) = -~/ (u )  - 7g(u ) - ~h(u), 
¢ 1 1 
g(Ro_u) = gf (u )  - ~g(u) + ~h(u) ,  
1 1 ¢ 
h(R6u) -- -~f (u )  - ~-~g(u) + 7h(u).  
Simplifying the above equations, we obtain 
1 
g(_-) = [ / (RL - )  - f (RL - ) ] ,  
h(u) = -¢f (_u)  - f(Re_u) - f (R2u). 
(22a) 
(22b) 
From (15a),(15b), and (22a), f should satisfy 




When f is expressed in (12), r '  is found to be [3, 5] + itself. The calculation of ca's is very 
tedious. A sketch of the calculation and the general solution are given in Appendix II. Once f is 
constructed, g and h can be determined from (22). 
[3, 5] has one more generator R5 in (9). Therefore, f should also satisfy f (Rsu)  = f(u).  To 
construct f ,  we simply replace k('yu) of f which is constructed for [3, 5] + by k(~/u) + k(TRs_u). 
g and h are again given in (22). 
Co lored  Tesse l la t ions  
The color of a point on the orbit may be determined in the following way. We consider the 
convergence behavior of the sequence of points (x,~, y,~, z,~) c S2(n > 0) on the orbit with initial 
point (x,y, z) = (xo, Yo, zo). For an assumed threshold e, if 
V:(x~+l - x,~) 2 + (Y~+l - Yn) 2 + (zn+l - zn) 2 < e, 
then the iteration is terminated. The number of iterations executed etermines the color given 
to the point (x, y, z). Therefore, the colored patterns obtained by this algorithm reveal the 
sensitivity of the symmetric mappings to initial values. Other color schemes are also possible. 
For instance, a scheme which captures the attractor of a dynamical system can be found in [3]. 
5. CONCLUSION 
A method to construct colored patterns with spherical symmetry from the orbits of (1) has been 
given. Since the function k(x, y, z) can be any function, unlimited numbers of colored patterns 
can be constructed in this way. This method also works well to all symmetric groups with finite 
orders. 
A pseudo-code is provided in Appendix I for generating colored graphics. Some sample outputs 
are also included. The accompanying figures exhibit geometries of fractal nature, which are 
telltale signs that they are the outcomes of chaotic dynamical systems. 
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APPENDIX  I 
ALGORITHM FOR COLORED 
PATTERN WITH [3,4] SYMMETRY 
ARGUMENTS(TYPICAL VALUE): 
nx(= 1024), ny(= 768) 
x min(= -4 /3) ,  x max(= 4/3) 
ymin(= -1) ,  ymax(= 1) 
maxiter (= 15) 
/* image resolution in x- and y-direction 
/* low and high x-value of image window 
/* low and high y-value of image window 
/* maximal number of iterations 
INPUT VARIABLES(TYPICAL VALUE): 
thre (= 0.005) 
r (= 3), s (= 3), t (= 3) 
/* real variable, threshold 
/* real variable, parameters 
i y=O 
while ( i y  <= ny - 1) 
do 
cy  = y max +i  v • (y min -9  max) / (ny  - 1) 
i x=O 
while ( ix  <= nx  - 1) 
do 
cx  = x max +ix  * ( x min -x  max)/(nx - 1) 
mx=cx 
my = cy 
cxy = 1 - cx * cx - cy* cy 
if (cxy >= O) 
mz = sqr t (cxy)  
end if 
i=0  
whi le( /<=maxiter)  
do 
if (cxy < O) 
exit the while loop 
end if 
f = r * sin(s * mx)  * (cos(t * my)  + cos(t * mz))  
g = r * sin(s * my)  * (cos(t * mz)  + cos(t * rex) )  
h = r * sin(s * mz)  * (cos(t * rex)  + cos(t * my))  
fxyz  = mx + f 
gxyz  = my + g 
hxyz  = mz + h 
q = sqr t ( fxyz  * fxyz  + gxyz  * gxyz  + hxyz  * hxyz)  
fxyz  = fxyz /q  
gxyz  = gxyz /q  
hxyz  = hxyz /q  
dx  = fxyz  - mx 
dy  = gxyz  - my 
/* loop in y direction 
/* get the pixel's view y-coordinate 
/* loop in x direction 
/* get the pixel's view x-coordinate 
/* get the coordinate on the unit 
sphere 
/* perform "maxiter" iterations to 
the point (rex, my, mz)  
/* calculate f(z, y, z), g(x, 9, z) and 
h(x,y,z)  as in (17)-(19) 
/* new coordinate on the unit sphere 
after one iteration 
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dz  : hxyz  - -  mz 
d = sqr t (dx  * dx  + dy  * dy + dz  * dz)  
if (d <thre) 
exit the while loop 
end if 
mx = fxyz  
my = gxyz  




setpixel (cx, cy) 
i x  = ix  + 1 
end do 
iy = iy + 1 
end do 
/* distance between previous coordinate 
arid new coordinate after one 
iteration 
/* test whether the above distance is 
greater than the threshold value 
/* set the current color specified by i 
/* plot the point (cx, cy) with current 
color 
2O 21 
j ,  ,% 
/ J l |  "~,, 
• / /  ,~. .L~.,~ 6 " - .  
x / "  . /~  ~ "'.:a 
/~ /,/ ,, , ,  ,. R..,' "-Z ~ ,wl\  
l.,J;-.--':,-'/ " /7 , ,  , '. 
, V I , Y, I 
ii l l t  ~ • • 14 t1! I 
' ,,~ .411~4'  ~ 11 I 
• / $3 n $ l  yo 
, x j  
Xl 
Figure 2. The Cayley diagram of [3, 5] +. "i" represents 'c,". 
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Figure 3. Group: [3, 3] +. Parameters thre, a: 0.01, 1. k(x, y, z): 1.25sin(2.5y) sin(z). 
Figure 4. Group: [3,3]. Paxametem thre, a: 0.01, 1. k(x,y,z): 0.75[sin(3x)cos(3y) 
-~ sin(3y) sin(3z)]. 
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Figure 5. Group: [3,4] +. Parameters thre, a: 0.008, 1. k(x,y,z): 0.625cos(8x) 
sin(2y) sin(2.5z) + 0.375 sin(2x) cos(3y). 
Figure 6. Group: [3,4]. Parameters thre, a: 0.005, 1. k(x,y, z): 0.375sin(3x) cos(3y). 
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Figure 7. Group: [3+,4]. Parameters thre, a: 0.005, 1. k(x,y,z): 0.25sin(2.4x) 
[cos(3y) + cos(4z)]. 
Figure 8. Group: [3,5]. Parameters thre, a: 0.01, 1. k(x,y,z): sin(4.4x). 
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Figure 9. Group: [3, 5] +. Parameters thre, a: 0.001, 1. k(x, y, z): 0.6 sin(3y) sin(4z) 
T sin(4x) cos(y). 
APPENDIX  II 
SOLUTION FOR DODECAHEDRAL 
OR ICOSAHEDRAL SYMMETRY 
We use the Cayley diagram to simplify the calculation of ca's for [3, 5] +. In the Cayley diagram, 
each element of a group G is represented by a vertex. A certain set of directed edges, say Si-edges, 
the direction being indicated by an arrow, is associated with each generator S~. Two vertices, Va 
and V~ (a, j3 E G) are joined by an Si-edge, directed from Va to V~, whenever 
y~ =siva. 
When a generator isof period two, the graph may be simplified by using a single undirected edge. 
Figure 2 gives a clear picture of the relative position of all the elements of [3, 5] + and the 
product element when one element is multiplied by the other. The coefficient of k(v_u), V e [3, 5] +, 
in (12) is represented by the symbol at the vertex representing V in the Cayley diagram. We 
substitute (12) into (23) and equate the coefficients of k(vu) to zero. With the help of the Cayley 
diagram, we find that the equations have infinite number of solutions with three independent 
variables. We may choose arbitrary c2s, c29 and c30, then 
fc25) 1 1 
\ C27 1 
- I  
I 
C28 
C29 / " 
e3o /
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Let v = (c25, c26, c27, c2s, C29, C30) T, where T denotes transpose, and the rest of the variables are 
l (cl, c2, ca, c~, c5, c6) T = R~ 03 13 v_, 
(cT,cs,cg) r = [h R~lv, 
T= [ R2 
(Cl0 , e l l  , c12, c13, c14, C15) L 13 - R 2 
(c16, c17, cls) T = [(13 - R22) 
(C19, C20, C21, C22, C23, C24) T = [ 
R~ R2 
R~ - R2 L 
R~ 
(R2 - &)]~, 
R2-R ] 
R2 J v__, 
where R2 is given in (6), and 
c30+i - - c i  with i -- 1, 2 , . . . ,  30. 
In Figures 8 and 9, we choose c2s ----- C29 ---- C30 ---- 1. 
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